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Abstract: Surface wave methods exploit the dispersive properties of Rayleigh and Love waves to estimate the shear wave velocity profiles in
vertically heterogeneous subsurfaces. Typically, they rely on a simplified one-dimensional (1D) analytical forward model where the lateral
variation of the layer thickness is neglected and so is the fraction of the incident energy of the fundamental mode that is reflected or converted
to higher modes. A theoretical study is presented that attempts to define an analytical model that overcomes the limitations of 1D forward mod-
els. In particular, we revisit properties of semianalytical approaches that aim at solving the dynamics of Love waves in laterally heterogeneous
media made of a soft upper layer of varying thickness lying over an infinitely deep hard layer. The novel analytical model stems from a local-
mode expansion of waves with laterally varying amplitudes, which allows for both reflections of the incident modes and coupling to higher
modes. The best wave approximation stems from an action principle that leads to a coupled system of second-order ordinary differential
equations (ODEs) for the wave amplitudes. Last, an application of this model and its validity are discussed.DOI: 10.1061/(ASCE)EM.1943-
7889.0000566. © 2013 American Society of Civil Engineers.
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Introduction

The dispersive nature of Rayleigh and Love waves in a heteroge-
neous half-space is exploited in surface methods to obtain the shear
wave velocity profile from the surface wave particle motions excited
and recorded on the ground surface (that is, the boundary of the
medium). The solution of the inverse problem to obtain the shear
wave velocity (and/or material damping ratio) profile requires a
forward (subsurface) model to predict the propagation, scattering,
and dissipation of seismic waves in the medium. One widely used
forward model in surface wave testing is that in which each layer is
isotropic and homogeneous, and the layer interfaces are planar and
horizontal. The key properties of each layer are the elastic parame-
ters (or seismic wave velocities), themass density, and the thickness.
Such models are capable of capturing only the vertical variation in
elastic properties—that is, they are one dimensional (1D). One of the
attractive features of this model is that it is very computationally
efficient to calculate the modal displacements and stresses using

matrix operations (Aki and Richards 2002), which makes it ideal for
inverse problems employing iterative solutions. Clearly, however,
this model is only an approximation of the actual soil conditions for
most sites, and its use may lead tomisleading results if the actual soil
profile is far from the assumed geometry. Indeed, lateral variation
and wave backscattering are not taken into account, and only a few
higher modes of vibration are considered. The spatial variation
of the layer thickness is usually neglected and so is the fraction
of incidental energy of the fundamental mode that is reflected or
converted to higher modes. In this paper, an analytical study is
presented that aims at modeling elastic waves in laterally varying
media that overcomes the limitations of traditional 1D forward
models. The numerical alternative based on the boundary element
method (Brebbia et al. 1984) is discussed elsewhere (Bignardi et al.
2012; Bignardi 2011). Hereafter, the focus is on the dynamics of
Lovewaves, which are attractive from a theoretical point of view and
have been studied analytically by several authors (Noyer 1961;
Knopoff andMal 1967;Wolf 1970; Lysmer andDrake 1971; Gjevik
1973; Maupin 2007; Hador and Buchen 1999). Studies on the wave
dynamics in laterally varying media span at least 40 years of lit-
erature, and several methods have been formulated. Among these,
the Lagrangian approach was introduced by Whitham (1967, 1974)
to investigate the dynamics of nonlinear water waves. Applications
of such a variational method to the study of long seismic waves were
presented by Gjevik (1973) and Hador and Buchen (1999) for Love
and Rayleigh waves, respectively. On the other hand, analytical
methods that exploit the coupling and matching of different wave
modes have been proposed by Maupin and Kennett (1987) and
Maupin (1992) (see alsoMaupin 2007 for a reviewof suchmethods).

In particular, the analytical model in Maupin (1988) is valid for
Rayleigh and Love waves, and for structures that have several layers
and lateral variations of the elastic properties inside the layers.
Later, Maupin (1992) extended the coupling method to waves that
propagate at an angle to the two-dimensional (2D) structure and to
inelastic media. Other analytical approaches based on the Jeffreys,
Wentzel, Kramers, and Brillouin (JWKB) approximation find ap-
proximate solutions of the elastic equations with spatially varying
coefficients. For example, Tromp and Dahlen (1992) derived local
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Love and Rayleigh eigenfunctions, local dispersion relations, and
transport equations, which determine the wave propagation on a
smooth, laterally heterogeneous Earth model. Clearly, in geophys-
ical imaging, numerical modeling of elastic waves has become
popular in the last two decades or so (Virieux et al. 2011). However,
analytical approaches are still valuable for fast computations of the
wave propagation when the source is far from the investigated region
(see, for example, Panza et al. 2001) or in some full waveform in-
version methods (see, for example, Du 2002).

In this paper, it is proposed to revisit semianalytical approaches
with their advantages and limitations by presenting an analytical
model that stems from a novel local-mode representation of
monochromatic Love waves, which is optimized by an action
principle. To do so, conservative systems are studied, and the dy-
namic equations follow from a variational principle based on the
Lagrangian for Lovewaves (Gjevik 1973). Consider a homogeneous
upper soft layer with varying thickness hðxÞ lying over a semi-
infinite hard layer, with x as the horizontal axis, as shown in Fig. 1.
The vertical profile of wave displacements at any horizontal position
x is represented by a local-mode series involving the propagating
eigenmodes allowed by the dispersion relation, which depends on
the local thickness hðxÞ. The proposed eigenmode series expansion
accounts for both forward-propagating and backward-propagating
waves. Locally, such eigenmodes are exactly equal to those for
a parallel-layered media, but their wavelength is spatially varying
because the local thickness of the layer is. They satisfy the zero-stress
condition at the free surface and the continuity of the vertical stresses
at the interface between the two layers. The amplitudes of the Love
eigenmodes are unknown and are assumed to be spatially varying in
x. Then, exploiting an action principle, the associated Euler-
Lagrange equations yield a set of coupled second-order ordinary
differential equations (ODEs) for the optimal amplitudes that satisfy
the wave dynamics. To the present authors’ knowledge, such for-
mulation has not yet been applied to problems in seismic wave
propagation. It may be a useful contribution because the proposed
model considers a laterally varying layered geometry with constant
elastic parameters, a special case of the more general model derived
by Maupin (1988).

The paper is structured as follows: First, the theoretical formu-
lation for Love wave is introduced. Then, the associated variational

formulation based on the Lagrangian is presented. A local-mode
wave expansion is defined and the associated coupled-mode system
follows from an action principle via the Euler-Lagrange equations.
Last, applications and limitations of the proposed model will be
discussed.

Transmission Problem

Consider a laterally heterogeneous medium such as that shown in
Fig. 1, where x and z are, respectively, a horizontal and a vertical
coordinate. Let the upper and the lower layers have densities r1 and
r2, respectively. The upper layer has a free boundary at z5 0, and
the lower layer is assumed to be infinitely deep. The media is
divided in three vertical zones: I (x,2L), II (2L # x # L), and
III (x. L), respectively. The two layers extend horizontally to
infinity, and in the far-field zones I and III the layers are parallel. In
the intermediate zone II, the upper and lower layer are separated by
a varying interface z5hðxÞ. Zone I is excited by an incident
monochromatic plane wave that generates a displacement field
vinðx, z, tÞ that propagates in the x-direction. As it passes through
zone II, it undergoes reflections, and only part of its energy is
transmitted to zone III, where the wave displacements vIIIðx, z, tÞ
propagate undisturbed. The cumulated effect of all the reflections
in zone II yields a reflected back-propagating wave with dis-
placements vRðx, z, tÞ through zone I, and the total wave field in
zone I is vI 5 vR 1 vin. The displacements of these waves are
normal to the plane through the x-axis and z-axis. If the materials in
both layers behave according to linear elastic laws, then the dis-
placements in zone II vary according to the equations of motion
(Aki and Richards 2002)

2r
∂2vII
∂t2

þ m=2vII ¼ 0 (1)

where=5 ∂xx̂1 ∂zẑ; x̂, ẑ5 unit vectors of x and z; r and m are soil
parameters given by the piecewise functions

rðx, zÞ ¼
�
r1, 0# z# hðxÞ
r2, z. hðxÞ , mðx, zÞ ¼

�
m1, 0# z# hðxÞ
m2, z. hðxÞ

At the free-surface z5 0, and at z→‘ zero-stress boundary con-
ditions are imposed, viz

m
dvII
dz

����
z¼0

¼ 0, m
dvII
dz

����
z→‘

¼ 0 (2)

The continuity of both displacements and normal stresses at the
interface z5hðxÞ requires that

½vII �z¼h ¼ 0,
h
m=vII × n̂

i
z¼h

¼ 0 (3)

where ½q�z5h stands for the jump of qðzÞ across z5 d, that is

½q�z¼d ¼ lim
e→0

½qðzþ eÞ2 qðz2 eÞ� (4)

and n̂ is the unit vector normal to the interface h, defined as

n̂ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�dh
dx

�2r �
2
dh
dx

x̂þ ẑ
�

(5)Fig. 1. Model setup and geometry of laterally varying two-layered
media
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The continuity of stresses and displacements at the common
boundaries of zones I–II (x5 2 L) and zones II–III (x5 L), requires
the following matching conditions

ðvII 2 vIÞjx¼2L ¼ 0, m
�∂vII
∂x

2
∂vI
∂x

����
x¼2L

¼ 0

ðvIII 2 vIIÞjx¼L ¼ 0, m
�∂vIII

∂x
2
∂vII
∂x

����
x¼L

¼ 0
(6)

It is straightforward to prove that the boundary value problem
[Eqs. (1)–(3) and (6)] is the minimizer of an action A that follows
from dA5 0, where d denotes variational differentiation (see Ap-
pendix I). In particular, A is given by

A ¼
ðt2
t1

ðL
2L

L dx dt (7)

where the Lagrangian density is defined as

L ¼ T 2K2B (8)

Here, J and K are the kinetic and potential energy densities given,
respectively, by

J ¼ 1
2

ð‘
0

r
�∂vII
∂t

�2
dz, K ¼ 1

2

ð‘
0

mj=vII j2dz (9)

The term B accounts for the matching and boundary conditions
[Eqs. (2), (3), and (6)] as

B ¼ ½m vII �z¼h

�
∂vII
∂z

2
∂vII
∂x

dh
dx

�����
z¼h

2

ð‘
0

m
∂vI
∂x

�
vII 2

vI
2
2 vin

����
x¼2L

dz

þ
ð‘
0

m
∂vIII
∂x

�
vII þ vIII

2

����
x¼L

dz (10)

In the following, a local-mode expansion of the wave field for the
laterally varyingmediumofFig. 1 is introduced. Then, the equations
governing the wave dynamics are derived by minimizing the action
[Eq. (7)].

Wave Expansion and Dynamics

Mode Expansion for Zones I and III

Assume the thickness of the upper layer equal to d. The standard
representation of the wave field vp is given in the form

vpðx, z, tÞ ¼
P
n
An fnðz; dÞeiðknx2vtÞ þ c. c. (11)

where c. c. denotes complex conjugation; the wave numbers kn
satisfy the dispersion relation

tanðin1dÞ ¼ 2
m2n2
im1n1

, ni ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22

riv
2

mi

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k22v2

b2
i

s
(12)

and fnðz; dÞ are the eigenfunctions of the Sturm-Liouville problem

d2fn
dz2

2 n2i fn ¼ 0 (13)

with the requirements of continuity for both displacements and
vertical stresses at z5 d, viz

½ fn�z¼d ¼ 0,

	
m
dfn
dz



z¼d

¼ 0 (14)

and zero-stresses at the free-surface, viz

dfn
dz

����
z¼0

¼ 0 (15)

From Eq. (11), the incident and reflected components of the dis-
placements vI 5 vin 1 vR in zone I can be defined, respectively, as

vin ¼
P
n
Ine

iknI ðxþLÞfnðz; d1Þe2ivt þ c. c.

vR ¼P
n
Rne

2iknI ðxþLÞfnðz; d1Þe2ivt þ c. c.
(16)

where d1 5 hð2LÞ; and In and Rn 5 constant amplitudes. Further,
in zone III vIII is defined as

vIII ¼
P
n
Tne

iknIII ðx2LÞfnðz; d3Þe2ivt þ c. c. (17)

where d5 d3 5 hðLÞ; and Tn 5 amplitude of the transmitted wave.
The wave expansion for zone II requires a new formulation, as
subsequently discussed.

Local-Mode Wave Representation for Zone II

The spatially varying wave field in zone II can be efficiently rep-
resented by the local-modes series [Eq. (18)], as in Maupin (2007),

vIIðx, z,vÞ ¼
P
n
anðxÞfnðz,v, hÞe

i

	Ðx
0

knII ðv,jÞdj2vt



þ c. c. (18)

where an 5 unknown spatially varying amplitudes, and the integral
in the exponential term allows us to follow the phase evolution of the
wave field.

Because the depth d5hðxÞ is spatially varying, so are both knðxÞ
and fnðz, hÞ. Consequently, the Sturm-Liouville problem [Eq. (13)]
can be considered as a continuous family of problemswith parameter
d5 hðxÞ. This suggests the equivalent representation

vIIðx, z, tÞ ¼
P
n
AnðxÞfnðz,hÞei½knII ðxÞ x2vt� þ c. c. (19)

where now amplitudes An are complex and related to an and the
associated phases by

anðxÞ ¼ AnðxÞe
i

h
2
Ðx
2L

knII ðjÞdjþknII ðxÞx
i

(20)
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Clearly, the complex amplitude An describes both the forward-
propagating and the backward-propagating modes and its evolu-
tion reflects the coupling between modes, the reflection, and the
phase adjustment of the modes themselves. The advantage of the
compact representation [Eq. (19)] is that the associated dynamical
equations for An, as will be shown later, are a set of N second-order
ODEs that will be solved using spectral methods. Splitting An in the
two backward and forward waves would lead to a set of 2N first-
order ODEs. The spectral method used in this work is more efficient
and accurate for second-order ODEs.

Note that Eq. (19) satisfies the continuity of displacements at the
interface because ½ fn�z5h 5 0 at any x, but the normal stresses are not
continuous. Indeed, from Eqs. (19) and (14)h

m=vII × n̂
i
z¼h

¼ 2
dh
dx

h
m
∂vII
∂x

i
z¼h

(21)

As a consequence, the total energy density E5J 1K is also not
conserved along x. However, the local-mode representation [Eqs.
(16), (17), and (19)]

vI ¼
P
n

�
Ine

iknI ðxþLÞ þ Rne
2iknI ðxþLÞ

�
fnðz; d1Þe2ivt þ c. c.

vII ¼
P
n
AnðxÞfnðz; xÞei½knII ðxÞx2vt� þ c. c.

vIII ¼
P
n
Tne

iknIII ðx2LÞfnðz; d3Þe2ivt þ c. c.

(22)

can be optimized by the action principle to minimize the residual
[Eq. (21)]. Indeed, given the incident amplitude In, we seek the
optimal functions AnðxÞ, the reflection and transmitted coefficients
Rn and Tn that minimize the action AðAn, Rn, TnÞ in Eq. (8), as
follows:

dA
dAn

¼ dA
dTn

¼ dA
dRn

¼ 0 (23)

where d denotes variational differentiation. In particular, the first
variation in Eq. (23) yields a coupled system of second-order ODEs)
for An as

PM
j¼1

bij
d2Aj

dx2
þ cij

dAj

dx
þ dijAj ¼ 0, i ¼ 1, . . . ,M (24)

and the boundary conditions at x5 2 L and x5 L, respectively, as

2iknIn ¼
�
2iknAn þ dAn

dx

�����
x¼2L

e2iknL, dAn

dx

���
x¼L

¼ 0 (25)

Thematrix elementsbij, cij, and dij are given in Appendix II. Further,
the other two variations in Eq. (23) yield the reflection and trans-
mitted coefficients, which depend upon the mode amplitudes An,
such as

Rn ¼ e2ikn LAn
��
x¼2L 2 In, Tn ¼ Anjx¼Le

ikn L (26)

The set of Eq. (24) together with the boundary conditions
[Eq. (25)] are solved numerically via standard Chebyshev spectral
methods. We refer to Trefethen (2000) for details on the numerical
implementation of the spectral solver. For a flat interface, the model
[Eq. (24)] decouples, and the classical solution for Love waves is
recovered (Aki and Richards 2002). Indeed, to assess the reliability

of the algorithm, several tests were performed for a geometry with
parallel layers, for which the solver yielded wave amplitudes con-
stant in the x direction, as expected.

Note that backreflections are taken into account by the analytical
model [Eq. (24)]. This is because the amplitudes An are complex-
valued solutions of second-order ODEs that provide for the dis-
placements vII a solution in the formof two opposite travelingwaves.
Last, observe that Love eigenmodes are independent locally but not
globally, and mode coupling is necessary to satisfy both matching
and boundary conditions on the laterally varying interface.

Applications

Consider the two-layered subsurface shown in Fig. 2. For the upper
(lower) layer,r1 5 1,600 ð2,400Þ kg=m3 andb1 5 400 ð1,500Þ m=s.
The varying interface is modeled by a half-sine-shaped buried
hill with average 10% slope over a depth H5 1:2 km, and the
spatial extension is 2L5 6 km. Waves propagate in the x-direction
at f 5v=2p5 8 Hz. At this frequency, in addition to the funda-
mental mode, with wavelength L0 5 314:8 m, six higher modes are
admissible with wavelengths L1 5 320:4 m, L2 5 332:4 m, L3 5
353:2 m, L4 5 388:2 m, L5 5 451:2 m, and L6 5 591:4 m, respec-
tively. For simplicity, in the present application we consider a setup
with a constant number of modes in zone II. The case of subregions
with different numbers of modes will not be considered here;
however, such configurations can be handled by the proposed ap-
proach by splitting the computational domain into subregions with
a fixed number of modes and then matching the solutions by im-
posing continuity of displacements and stresses. All the modes are
set to have identical amplitudes A0 5 0:005 m and zero phases at
x5 2 L. FromEq. (22), each eigenmode in zone II can be written as

jAnjfnðz, hÞexp½iðun þ knII x2vtÞ� (27)

where jAnj and un 5 arctan½ImðAnÞ=ReðAnÞ� are the absolute value
and the phase of the complex amplitude An, respectively. Then, after
solving theODE system [Eq. (24)], the local wave number kn of each
mode can be computed from Eq. (27) as

knðxÞ ¼ ~knðxÞ þ x dkn
dx

þ dun
dx

(28)

where ~knðxÞ5 knII is the local approximation computed from the
dispersion relation [Eq. (12)], with d as the interface depth hðxÞ. The
associated phase velocity Cn follows as

Fig. 2. Two-layered media with varying interface modeled by a half-
sine-shaped buried hill with average 10% slope over a depth
H5 1:2 km, and spatial extension 2L5 8 km; for the upper (lower)
layer, r1 5 1,600 ð2,400Þ kg=m3, and b1 5 400 ð1,500Þ m=s
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CnðxÞ ¼ v
knðxÞ

(29)

Fig. 3 shows the spatial variation of themagnitude of the complex
amplitudes An=A0 at x5 2 L. Note the amplification of higher
modes in the regionwhere the thickness of the upper layer decreases.
This is expected because of the redistribution of energy among the
modes, which is approximately conserved. Indeed, we were able to
investigate interface slopes, 10% with a negligible loss in energy.
However, for interfaces with 15% slope, the energy loss increases to
5%. Larger slopes up to 25% yield 15% of the energy loss. Fig. 4
shows also the lateral variation of the wave number kn in the
x-direction (bold lines) in comparison with the local approximation
~kn. Note that the wave number of the fundamental mode does not
vary laterally and is almost equal to that of horizontal shear waves in
the upper layer (dashed lines). Indeed, its wavelength L0 5 314:8 m
is smaller than the average interface depth H, and the fundamental
mode is not affected by the interface. However, lateral in-
homogeneities affect the lowermost higher modes, whose wave
numbers tend to increase as they propagate over shallower regions of
the upper layer, shortening their wavelengths. As a consequence, for
highermodes the phase velocityCn increases in comparisonwith the
associated parallel-layered counterpart v=kn (see Fig. 5). Fig. 6
shows the spatial variation of the wave displacements vII (bold line)
at the free surface (z5 0) and the associated parallel-layered
counterpart ðvIIÞp (dashed line), computed as if the layers were
parallel, with d5 hð2LÞ5 1,200 m, as follows:

ðvIIÞjz¼0 ¼
P
n
AnðxÞfnð0, hÞei½knII ðxÞx2vt�

ðvIIÞp
���
z¼0

¼P
n
A0 fnð0, hÞei½knII ð2LÞx2vt�

Because all the modes are in phase, constructive interference
(linear focusing) occurs at x=L5 0 in the parallel-layered case. Such
focusing is annihilated when waves propagate through the laterally
varying media from deep to shallow areas, reducing displacements
because of the increased stiffness of the first layer. The associated
power spectra SðkÞ and SpðkÞ for vII and ðvIIÞp at the free surface are
shown in Fig. 7, respectively. The spectrum S is wider than Sp, as
expected, mainly because of the fact that the modes have laterally
varying knII , and backreflections and mode coupling may have
a minor role. Last, as previously stated, we observed energy losses
. 15% for slopes . 15%. Indeed, the analytical model [Eq. (24)],
although derived from an action principle, is inadequate to correctly
represent the wave field near the interface h because of errors in the
stress-matching boundary conditions at the interface [see Eq. (21)].
Such stress mismatch is an indirect indication that the wave energy is
not conserved. To minimize energy losses, Rutherford and Hawker
(1981) proposed expanding the wave field using perturbed local
modes that satisfy the continuity conditions at the interface to thefirst
order in the slope. On the other hand,Maupin (1988) transformed the
traction discontinuity along the interface in volume forces to satisfy

Fig. 3. Spatial variation of normalized eigenmode amplitudes jAnj=A0

for the two-layered media in Fig. 2 ( f 5 8 Hz)

Fig. 4. Spatial variation of the wave number kn (bold lines) and the
associated approximation ~kn 5 knII (dashed lines) from the dispersion
relation [Eq. (12)], with d as the interface depth hðxÞ, for the two-layered
media in Fig. 2 ( f 5 8 Hz)

Fig. 5. Phase velocity Cn (bold lines) and the associated local ap-
proximation ~CnðxÞ5v~kn (dashed lines) computed from the dispersion
relation [Eq. (12)], with d as the interface depth hðxÞ for the two-layered
media in Fig. 2 ( f 5 8 Hz)

Fig. 6.Normalizedwave displacements vII=A0 (bold line) at the surface
(z5 0) for the two-layered media in Fig. 2 and the associated parallel-
layered counterpart (dashed line)
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stress continuity. The proposed solution of the wave field of zone II
that follows from solving the Euler-Lagrange [Eqs. (24) and (25)], is
optimal in the sense that the error associated with the continuity of
the normal stresses tn 5m=vII × n̂ across h is the lowest possible.
Fig. 8 shows the spatial variation of the dimensionless stress jump
½tn�=maxðtnÞ1 across h for different slopes, with maxðtnÞ1 as the
maximum normal stress at h in the upper layer. As one can see, only
for slopes greater than 10%, the jumps are not negligible, and as
a consequence the variational solution is not reliable. To provide
a simple explanation of the limitated optimality of the proposed
Lagrangian model, consider the general solution of the elastic
Navier’s equations. It can be obtained via separation of variables
(Aki and Richards 2002) as the linear superposition of two plane S
waves traveling along z in opposite direction, as follows:

v�
�
Ane

i kzn z þ Bne
2i kzn z

�
ei½knII ðxÞx2vt� (30)

where kn 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2xn 1 k2zn

q
(Aki and Richards 2002). If the free sur-

face is flat, to satisfy the zero-stress condition at z5 0 onemust have
Bn 5An, and

v�An
�
ei kzn z þ e2i kzn z

�
ei½knII ðxÞx2vt� ¼ Ancosðkzn zÞei½knII ðxÞx2vt�

(31)

If the interface has weak to moderate slopes, the two S waves have
similar wave numbers kzn , and their constructive interference can
be modeled by Eq. (31) along with the minimization of the as-
sociated action, which can compensate for the stress mismatch at
the interface.When the interface has large slopes (.15%), the two
Swaves have different values of kzn , and the original elastic partial
differential equations (PDEs) cannot be solved by separation of
variables in the x and z directions. In this case, the set of local Love
eigenmodes of Eq. (31) is not suitable to represent independent S
waves, and the Lagrangianminimization partially compensates for
the mismatch.Work is in progress to satisfy the stress continuity at
the interface by including fictitious volume forces in the present
variational model, as is done inMaupin (1988), and thus to provide
comparisons with the more general Maupin’s formulation, which
is valid formultilayered geometries and varying elastic parameters
within the layers.

Conclusions

Semianalytical approaches have been revisited to solve for the
propagation of Love waves in laterally heterogeneous media. To
do so, a novel analytical model based on a local-mode represen-
tation of the surface displacements is formulated. Such ansatz is
exact for a flat interface, and it is a good approximation for weakly
varying sloping interfaces (Gjevik 1973). The proposed La-
grangian minimization extends the applicability of this ansatz to
interfaces with moderate slopes, and it accounts for backreflections
and higher-mode coupling. However, for steep interfaces .15%,
the proposed local-mode representation [Eq. (19)] is poor because
it does not accurately model reflections at both the interface and the
free surface. Work is in progress to improve the proposed varia-
tional model by transforming the traction discontinuity along the
interface in volume forces, as in Maupin (1988), and will be
discussed elsewhere.

Appendix I. Action Principle for Love Waves

The Lagrangian [Eq. (8)] is explicitly given by

L ¼ 1
2

ðhðxÞ
0

r1

�
∂v1II
∂t

�2

2m1

"�
∂v1II
∂x

�2

þ
�
∂v1II
∂z

�2
#
dz

þ 1
2

ð‘
hðxÞ

r2

�
∂v2II
∂t

�2

2m2

"�
∂v2II
∂x

�2

þ
�
∂v2II
∂z

�2
#
dz

2m2

�
∂v2II
∂z

2
∂v2II
∂x

∂hðxÞ
∂x

�
ðv2II 2 v1II Þ

����
z¼hðxÞ

þ
ð‘
0

m
∂vI
∂x

ðvII 2 1=2vI 2 vinÞ
���
x¼2L

dz

2

ð‘
0

m
∂vIII
∂x

ðvII þ 1=2vIIIÞ
���
x¼L

dz

where the subscripts 1 and 2 denote the upper and lower media,
respectively. Variational differentiation of action A yields

Fig. 7. Power spectra SðkÞ of the surface displacements in zone II (bold
line) and the associated parallel-layered counterpart for the two-layered
media in Fig. 2 ( f 5 8 Hz)

Fig. 8. Spatial variation of the normal stress jump tn across the in-
terface for different slopes with tn 5m=vII × n̂; maxðtnÞ1 is the maxi-
mum stress at the interface in the upper layer ( f 5 8 Hz)
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dA ¼ d

ðt2
t1

ð
V

L dV dt

¼ þ
ðt2
t1

ðx2
x1

ðhðxÞ

0

r1
∂v1II
∂t

∂
∂t
dv1II

2m1

�
∂v1II
∂x

∂
∂x

dv1II þ
∂v1II
∂z

∂
∂z

dv1II

�
dz dx dt

þ
ðt2
t1

ðx2
x1

ð‘
hðxÞ

r2
∂v2II
∂t

∂
∂t
dv2II

2m2

�
∂v2II
∂x

∂
∂x

dv2II þ
∂v2II
∂z

∂
∂z

dv2II

�
dz dx dt

2

ðt2
t1

ðx2
x1

m2

�
∂
∂z

dv2II 2
∂
∂x

dv2II
∂hðxÞ
∂x

�
ðv2II 2 v1II Þ

����
z¼h

dx dt

2

ðt2
t1

ðx2
x1

m2

�
∂v2II
∂z

2
∂v2II
∂x

∂hðxÞ
∂x

�
ðdv2II 2 dv1II Þ

����
z¼h

dx dt

þ
ðt2
t1

ð‘
0

m
∂vI
∂x

�
dvII 2

1
2
dvI 2 dvin

����
x¼2L

dz

þ
ðt2
t1

ð‘
0

m
∂dvI
∂x

�
vII 2

1
2
vI 2 vin

����
x¼2L

dz

þ
ðt2
t1

ð‘
0

m
∂vIII
∂x

�
dvII 2

1
2
dvIII

����
x¼L

dz

2

ðt2
t1

ð‘
0

m
∂dvIII
∂x

�
vII þ 1

2
vIII
����

x¼L
dz (32)

where

dvI ¼ dRne
2iknðxþLÞ, ∂ dvI

∂x
¼ 2 ikndRne

2iknðxþLÞ ¼ 2 ikndvI ,

and

dvIII ¼ dTne
iknðx2LÞ, ∂ dvIII

∂x
¼ ikndTne

iknðx2LÞ ¼ ikndvIII (33)

because

vI ¼ Ine
iknðxþLÞ þ Rne

2iknðxþLÞ, vIII ¼ Tne
iknðx2LÞ

Performing integration by parts and exploiting properties of the
wave ansatz [Eqs. (16) and (17)] yield

dA ¼ Æ
�
2r

∂2vII
∂t2

þ m
∂2vII
∂x2

þ m
∂2vII
∂z2

�
dvIIæ

x,z,t

þ
	
Ær ∂vII∂t

dvIIæx, z

t2
t1

2 Æm1

�
∂v1II
∂z

�
dv1II

����
z¼0æx,t

þ Æm2

�
∂v2II
∂z

�
dv2II

����
z→‘

æ
x,t

þ Æ
	
m2

�
∂v2II
∂x

nx þ
∂v2II
∂z

nz

�

2m1

�
∂v1II
∂x

nx þ
∂v1II
∂z

nz

�

dv1II

����
z¼hðxÞ

æ
x,t

2 Æm2

�
∂dv2II
∂x

nx þ
∂dv2II
∂z

nz

�
ðv2II 2 v2II Þ

����
z¼hðxÞ

æ
x,t

þ Æhm ∂vI
∂x

2m
�∂vII
∂x

�i
dvII
���
x¼x1

æz,t
þ Æhm�∂vII∂x

�
2m

�∂vIII
∂x

�i
dvII
���
x¼x2

æz,t
2 imknð2LÞÆdvIðvI 2 vIIÞjx¼x1 æz,t

2 imknðLÞÆdvIIIðvIII 2 vIIÞjx¼x2 æz,t (34)

where

Æ f æx,z,t ¼
ðt2
t1

ðx2
x1

ð‘
0

f dx dz dt (35)

is the space-time average of the integrand f . Note that in Eq. (34) dvI ,
dv1II , dv2II , dvIII are arbitrary. Thus, the only way to impose dA
identically to zero is by setting at each line of Eq. (34) the integrand
of the space-time integral equal to zero. This yields the boundary
value problem [Eqs. (1)–(3), (6)].

Appendix II. Matrix Coefficients

bij ¼ 2
�
1
2

�
eiðki2kjÞx

�
F1
ði jÞm1 þ F2

ði jÞm2

�

cij ¼ 1
2
eiðki2kjÞx

"
m1

 
F1
ði jxÞ 2F1

ðix jÞ 2
∂F1

ði jÞ
∂x

þ 2F1
ði jÞC

!

þ m2

 
F2
ði jxÞ 2F2

ðix jÞ 2
∂F2

ði jÞ
∂x

þ 2F2
ði jÞC

!#

dij ¼ 1
2
eiðki2kjÞx

(
2v2

�
r1F

1
ði jÞ þ r2F

2
ði jÞ

�
þ m1

"
F1
ðix jxÞ

þ F1
ðiz jzÞ2

∂F1
ðix jÞ
∂x

þ
 
F1
ðix jÞ þ

∂F1
ði,jÞ
∂x

2F1
ði jxÞ

!
Cþ F1

ði jÞF

#

þ m2

"
F2
ðix jxÞ þ F2

ðiz jzÞ2
∂F2

ðix jÞ
∂x

þ
 
F2
ðix jÞ þ

∂F2
ði jÞ
∂x

2F2
ði jxÞ

!
Cþ F2

ði jÞF

#)

where

C ¼ 2 iki þ ix
∂ki
∂x
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F ¼ k2i 2 i
∂ki
∂x

2 i
∂2ki
∂x2

xþ 2ki
∂ki
∂x

xþ
�∂ki
∂x

�2
x2

Fd
ðnmÞ ¼

ðh
0

f dmðz, hÞf dn ðz, hÞdz

Fd
ðnmxÞ ¼

ðh
0

f dn ðz,hÞ
∂
∂x

f dmðz, hÞdz

Fd
ðnx mÞ ¼

ðh
0

f dmðz,hÞ
∂
∂x

f dn ðz, hÞdz

Fd
ðnx mxÞ ¼

ðh
0

∂
∂x

f dmðz,hÞ
∂
∂x

f dn ðz, hÞdz

Fd
ðnz ,mzÞ ¼

ðh
0

∂
∂z

f dmðz,hÞ
∂
∂z

f dn ðz,hÞdz

and

fnðz, hÞ ¼
(

f 1n ðz,hÞ ¼ 2 cosðn1zÞ 0# z# h

f 2n ðz, hÞ ¼ 2 cosðn1hÞe2n2ðz2hÞ z$ h

ni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n 2v2=bi

1

q
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